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Abstract

We study three basic welfare axioms for school choice mechanisms with a re-
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the affirmative action policy, and minimal responsiveness, and show that none of
the previously proposed mechanisms satisfy all of them. Then we introduce a new
mechanism which satisfies these three axioms. This mechanism issues immediate
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1 Introduction

Affirmative action policy at educational institutions, in labor markets and within orga-
nizations is a subject of continuous discourse. On the one hand, such policies involving
preferential selection based on race, ethnicity or other attributes have generated philosoph-
ical and political debates. On the other hand, the effectiveness of preferential treatment
administered by centralized matching mechanisms has been explored over the last decades.
This study focuses on the latter from an axiomatic perspective. We analyze quota-based
and reserve-based affirmative action policies in a many-to-one matching model. Quotas and
reserves have been used widely in university admissions and school assignment to promote

diversity and help disadvantaged groups.

1.1 Background

Gale and Shapley (1962) introduced the celebrated Deferred Acceptance (DA) mechanism
which is strategyproof (Dubins and Freedman, 1981; Roth, 1982), thus students cannot
gain from misrepresenting their true preferences. In the DA algorithm students are only
accepted tentatively in each step of the iterative algorithm (hence the name “deferred”
acceptance), which ensures that students who apply in a later step can still be accepted
if they have a higher priority at that school, and thus the DA mechanism always yields
a matching which respects the students’ priorities at each school. One affirmative action
policy that can easily be incorporated by the DA mechanism is based on type-specific
quotas at schools. Abdulkadiroglu and Sénmez (2003) discussed such type-specific quotas
for the DA mechanism with a fixed quota for students of each type which cannot be
exceeded by the matching. To analyze affirmative action policies, in our simple model the
students from under-represented racial, ethnic, religious or economically disadvantaged
groups are the minority students, while the rest of the students are the majority students.
Thus, in the context of affirmative action, there is a quota at each school for majority
students only. This leads to what we call the DA with Majority Quotas mechanism (DA-
Q) which, apart from complying with the majority quotas, follows the same iterative
procedure as the standard DA.

Majority quotas are inefficient when there are not enough minority student applicants
to fill the set-aside school seats, since these seats cannot be given to majority student
applicants. This wastefulness, which only affects majority students, makes the affirmative

action policy more controversial. To remedy this problem, Hafalir et al. (2013) introduced



a flexible quota system called minority reserves. Schools give priority to minority students
over majority students when assigning minority reserve seats, but these seats can also
be assigned to majority students in case there are not enough minority students to fill
the reserved seats, which is not allowed by quota-based systems. In the DA with Minority
Reserve (DA-R) mechanism of Hafalir et al. (2013), schools first tentatively assign minority
reserve seats to minority applicants before filling all the remaining seats (including unused
minority reserve seats) from the general applicant pool. The minority reserve policy of
the DA-R mechanism successfully eliminates the wastefulness of the quota-based policy of
DA-Q.

Another issue of effectiveness, which was first raised by Kojima (2012), is the respon-
siveness of the welfare of minority students to a strengthened affirmative action policy. A
mechanism is called minimally responsive to an affirmative action policy (what Kojima
(2012) called “respecting the spirit of affirmative action”) if a stronger affirmative ac-
tion policy - decreased majority quotas or increased minority reserves - does not lead to a
Pareto-dominated outcome for minority students compared to the outcome before. Kojima
(2012) demonstrated that under any quota-based mechanism that satisfies a stability con-
dition consistent with majority quotas, it is always possible to find certain preference and
priority profiles at which lower majority quotas do not help any minority student and may
even harm some. Not only the DA-Q mechanism is not minimally responsive, but the same
is true for the DA-R mechanism (Hafalir et al., 2013). Addressing this issue, Dogan (2016)
introduced the Modified DA with Minority Reserves (MDA) mechanism, which achieves
minimal responsiveness by treating some minority students at certain schools as majority
students in iterations of the DA-R mechanism that resemble the efficiency improvements
of EADAM (Kesten, 2010) in some respects. Another mechanism which uses efficiency
improvements, called the Efficiency Improved DA with Minority Reserves (EIDA) mech-
anism, was proposed by Ju et al. (2018), but it is not minimally responsive (Ding et al.,
2019).

The Immediate Acceptance (IA) mechanism, originally known as the Boston mechanism
(Abdulkadiroglu and Sénmez, 2003; Kojima and Unver, 2014), has been used frequently
in the US and around the world to match students to schools. It is still a popular student
placement mechanism, although in the past two decades many school choice programs
started opting for the DA instead due to its better normative and incentive properties.
In the TA mechanism students are accepted permanently (or “immediately”) in each step

of the iterative procedure, which is a crucial difference from the tentative acceptances



of the DA. The TA mechanism is neither strategyproof nor fair, since it is manipulable
and the schools’ priorities over students are not respected by the mechanism. However,
as opposed to the DA, it is Pareto-efficient for the students. Affirmative action policies
can also be implemented in conjunction with immediate acceptances. Afacan and Salman
(2016) analyzed a hybrid immediate acceptance mechanism which allows for both majority
quotas and minority reserves. Other papers that consider affirmative action policies under
the TA mechanism are Chen et al. (2022), and to a lesser extent Dogan and Klaus (2018).
The TA mechanisms with a quota or reserve-based affirmative action policy have distinct
properties compared to their DA counterparts. Most notably, the IA-R mechanism (the
[A-based mechanism with minority reserves) is minimally responsive (Afacan and Salman,
2016), unlike DA-R. This is an interesting finding which justifies looking at the discredited
IA mechanism again in the context of affirmative action policies. However, the TA-R
mechanism lacks some further good attributes that other mechanisms, including the TA-Q
mechanism (the IA-based mechanism with majority quotas), possess.

In addition to the already cited closest papers to ours, there are many other recent
studies on affirmative action or similar reserve policies. These papers tend to study either
choice rules with reserves or affirmative action policies and related applications in specific
contexts, or sometimes both. There are too many to cite all of them, but see for example
Westkamp (2013), Echenique and Yenmez (2015), Kominers and Sénmez (2016), Dur et al.
(2018), Aziz et al. (2020), Dur et al. (2020), Abdulkadiroglu and Grigoryan (2021), Aygiin
and B6 (2021), Aziz and Sun (2021), Pathak et al. (2022), Sénmez and Yenmez (2022) and
Pathak et al. (2023).

1.2 Overview

We initially focus on three basic welfare axioms for affirmative action policies, namely
non-wastefulness, respecting the affirmative action policy, and minimal responsiveness of
the affirmative action policy. Non-wastefulness is a mild efficiency property: it eliminates
the possibility that a school seat remains empty when it is preferred by any student to
her school assignment, regardless of whether the student is a minority or majority student.
Respecting the affirmative action policy is fundamental for any mechanism with affirmative
action, since it requires that school seats set aside for minority students be filled with
minority students, as long as there is any minority student who desires them. As already

discussed, minimal responsiveness ensures that a stronger affirmative action policy benefits



at least one minority student whenever any minority student is affected by the change.
We consider these three axioms basic welfare requirements for a mechanism with a
quota or reserve-based affirmative action policy. Surprisingly, none of the above described
six affirmative action mechanisms which have been proposed in the literature satisfy all
three of them. Given some well-known impossibilities in the axiomatic matching the-
ory literature, one might suspect that we cannot satisfy all three axioms simultaneously.
However, this is not the case, as we will show. After analyzing the six aforementioned
mechanisms, we propose a new mechanism with an affirmative action policy which satisfies
the three welfare axioms. This mechanism, which we call Immediate and Deferred Accep-
tance Mechanism with Minority Reserves (IA-DA-R, for short), combines both immediate
and deferred acceptances. Specifically, minority reserve positions are filled with minor-
ity applicants based on immediate acceptances, while all other acceptances are tentative,
as in the DA. We study the fairness (stability) and incentive properties of the proposed
[A-DA-R mechanism, and we explore more generally the class of mechanisms that satisfy
the three welfare axioms together with a simple fairness axiom that we introduce. Our
analysis identifies some interesting compatibilities and trade-offs, as demonstrated by the

possibility and impossibility results that we present.

2 Affirmative Action with Quotas and Reserves

2.1 Model

There is a finite set of students S which is divided into the set of majority students S™
and the set of minority students S™; S N S™ = () and SM U S™ = S. For notational
clarity, we denote majority students by a € S™ and minority students by i € S™. There
is a finite set of schools C' and each school ¢ € C has a capacity ¢. > 1. Let ¢ = (¢¢)cec-
To avoid trivialities, we assume that [SM| > 3, |S™| > 3 and |C| > 4.

Each student s € S has a strict preference ordering Ps over C'U {0}. School 0 denotes
the “null school” and represents staying unassigned. If a student ranks a school below 0,
this school is considered unacceptable to the student. We assume that ¢y = |S|. Let Rj
denote the weak counterpart of Py, that is, ¢ R, ¢ if and only if either ¢ P ¢ or ¢ = ¢/. We
will sometimes specify a preference ordering in a list form, e.g., P : (¢, ¢1,0) means that
o is ranked first, ¢; is ranked second, and there are no other acceptable schools for s. Let a

preference profile be denoted by P, where P = (Ps)qes, and let P be the set of all preference



profiles. Each school ¢ € C has a strict priority ordering >, over S. Let a priority profile
be denoted by >, where == (>.).cc, and let II be the set of all priority profiles. When S,
C' and ¢ are fixed, a problem is given simply by (P, =) € P x II, consisting of a preference
profile and a priority profile. In the following, we refer to a pair (P, ) as a profile.

Given fixed S, C and ¢, a matching p is a function from the set of students S to CU{0}
such that at most ¢. students are assigned to each school ¢ € C, while the “capacity” of
the null school allows for any student to remain unassigned. For all s € S we denote the
assignment that student s receives in matching p by ps, where us € C'U {0}. Moreover,
abusing notation, for all ¢ € C' we denote the set of students assigned to school ¢ in
matching p by p.. Hence, pu. € S and |p.| < g.. We will also use the notation ul* to

denote the set of minority students matched to ¢ in p. Let M denote the set of matchings.

2.2 Affirmative Action Policies

We study two types of affirmative action policies, majority quota policies and minority
reserve policies. We also introduce a common framework for these two types of affirmative

action policies which we refer to as minority allotment policies.

Majority Quotas

A majority quota policy determines the maximum number of majority students that
can be assigned to each school. Quotas were studied by Abdulkadiroglu and Sonmez
(2003) and later analyzed by Kojima (2012), among others. Let a majority quota policy
be denoted by ¢ = (¢M).cc, where ¢M is the majority quota at school ¢ which satisfies

0 < ¢M < g, for all ¢ € C. Note that ¢ = ¢ corresponds to no affirmative action policy.

Minority Reserves

A minority reserve policy specifies a number of seats at each school for which the
minority students are prioritized over majority students. An essential feature of minority
reserve policies is that if there are not enough minority applicants to fill all minority reserve
seats with minority students then majority students may also be assigned to reserved seats.
Minority reserve policies were first proposed by Hafalir et al. (2013) in order to eliminate
the wastefulness of majority quota policies in the DA. Let a minority reserve policy be
denoted by r = (r.)ccc, where r. is the number of reserved seats at school ¢ which satisfies
0 <r.<gq. forall c e C. Note that » = (0,...,0) corresponds to no affirmative action
policy.



Common Framework: Minority Allotments

The two affirmative action policies, majority quotas and minority reserves, while differ-
ent, both aim to improve the representation and welfare of minority students by prioritizing
them over majority students for a specified number of school seats. Now we unify our ref-
erence to the two policies, in order to be able to state axioms that pertain to both types of
affirmative action policies and hence allow us to evaluate them in a common framework.
We call this unified notion of the affirmative action policies minority allotments, which
refer to the seats that are set aside for minority students due to majority quotas or minority
reserves.

Let a minority allotment policy be denoted by v = (v.)cec, Where v, is the number
of minority allotment seats at school ¢. For each school ¢ € C, if the minority allotment
policy is a majority quota policy then v, = g. — ¢/, and if it is a minority reserve policy
then v, = r.. Feasibility requires in both cases that, for all ¢ € C, v, satisfies 0 < v, < ..
Let V denote the set of feasible minority allotment policies.

Given fixed S, C' and ¢, a mechanism (with minority allotments) assigns a match-
ing 1 to each minority allotment policy v and profile (P, >-), defined as ¢ : VX P xII — M.
We refer to a minority allotment policy v together with a profile (P, =) as an aa-profile
(where aa stands for affirmative action) and thus a mechanism ¢ assigns a matching to
each aa-profile. Furthermore, we refer to (S,C,q,v, P, >) as a market, where S,C and ¢
are fixed, but the aa-profile may vary. We denote the assignment of student s at aa-profile
(v, P,>) by ¢s(v, P,>), and the assignments of a set of students S c Sby wi(v, P, >). To
ease the notation, in the following when we refer to all aa-profiles (v, P,>) € V x P x II,

we will write simply all (v, P, >).

2.3 Properties of Mechanisms

A basic property of a mechanism ¢ is individual rationality, which requires that a
student is never assigned to a school that is unacceptable to her: for all (v, P,>) and
s €S, ps(v, P,>=) Rs 0. All the mechanisms that we study in this paper satisfy individual
rationality.

A matching v is Pareto-dominated by matching p at (v, P, >) if for all students s € S,
1s R vg, and there exists student s’ € S such that puy Py vy. A matching is Pareto-efficient
at (v, P,>) if it is not Pareto-dominated at (v, P, ). A mechanism is Pareto-efficient if

it assigns to each aa-profile a Pareto-efficient matching at that aa-profile.



The priority of student s is said to be violated at school ¢ in p at (v, P, ) if there exists
student s’ such that ¢ P, ug, e = ¢, and s >. s’. We will say in this case that s’ violates
the priority of s at school ¢ in p at the given aa-profile. A matching in which no student
violates another student’s priority at any school at (v, P, >) is a fair matching at (v, P >).
A mechanism is fair if it assigns to each aa-profile a fair matching at this aa-profile.

A mechanism ¢ is strategyproof if for all students s € .S, for all aa-profiles (v, P, >),
and all alternative preference orderings P! for student s, ¢s(v, P,>) Ry @s(v, (P., P—_s),>),
where P_, stands for Pg\ ;5. Otherwise, if a student has a preference ordering P; such that
os(v, (P, P_s),>) Ps os(v, P,>), then we will say that students s can manipulate ¢ at
(v, P,>) and P! is a manipulation strategy for s when the true preference ordering of
s is Ps. A mechanism ¢ is strategyproof for a set of students 7' C S if, for all s € T,

student s cannot manipulate ¢ at any aa-profile.

3 Main Welfare Axioms

Now we define and discuss the three key axioms that we use to assess the performance of
school choice mechanisms with minority allotments. All three of the axioms are welfare
criteria: non-wastefulness is a general requirement, while the other two consider welfare
properties of the affirmative action policy. We consider each of these axioms a minimal
requirement when evaluating mechanisms with affirmative action policies that set aside

seats for minority students.

3.1 Non-Wastefulness

A mechanism is considered to be wasteful if there is an unassigned school seat which is
preferred by at least one student to her assignment at some aa-profile. Wastefulness is a
serious drawback for a mechanism, as it means that valuable resources may be wasted, and

thus non-wastefulness is a basic efficiency requirement.

Non-Wastefulness. A mechanism ¢ is non-wasteful if for all (v, P,>>), s € S and

c € CUA{0},if ¢ Py ps(v, P, >) then |u.| = q., where ¢ (v, P, >) = p.

Non-wastefulness holds for most matching mechanisms of interest without affirmative
action, but the axiom becomes more difficult to satisfy when an affirmative action policy
or similar distributional constraints are imposed, even if non-wasteful matchings exist that

comply with the distributional objectives. In our setting it is not necessary to impose



a hard upper bound on majority student assignments, since the objective is to prioritize
minority students over majority students for some seats, not to limit the number of assigned
majority students, and thus non-wasteful matchings that satisfy the affirmative action
objectives exist. Although quota mechanisms are simple and hence popular, the quotas
mean hard upper limits which imply wastefulness.!? Non-wastefulness is often required as a
part of fairness (stability) axioms for mechanisms with affirmative action (see, for example,
Hafalir et al. (2013) and Dogan (2016)).

A quick note on the connection between non-wastefulness and individual rationality is
in order. Since gy = |S|, the definition of non-wastefulness implies individual rationality.
We do not explicitly require individual rationality in our analysis, but all the mechanisms

studied in this paper satisfy it, including the wasteful ones.

3.2 Respecting the Affirmative Action Policy

We say that a matching mechanism with a minority allotment policy v respects the af-
firmative action policy if the matching assigned to all aa-profiles is such that there is no
minority student who prefers a school ¢ to her assignment in this matching, while at the

same time school ¢ has fewer than v, minority students assigned to it.

Respecting the Affirmative Action Policy. A mechanism ¢ respects the affirmative
action policy if for all (v, P,>), ¢ € S™ and ¢ € C, if ¢ P; p; then |u| > v., where
w=¢ (v, P,>).

This axiom simply asks that minority students be prioritized for the school seats set
aside for them by the minority allotment policy, and thus it is an essential stipulation for
any mechanism with an affirmative action policy that relies on minority allotments. It is
not a new requirement, as some version of this is typically included in fairness (stability)
axioms that allow for affirmative action. We propose it separately as one of our main

axioms because not all affirmative action mechanisms proposed in the literature satisfy it.

3.3 Minimal Responsiveness

Minimal responsiveness (to an affirmative action policy) requires that at least one mi-

nority student gains if the affirmative action policy is strengthened, assuming that the

!See Ehlers et al. (2014) for an analysis of both hard and soft bounds.



policy change affects the outcome for any minority student. This axiom was first pro-
posed for quota-based affirmative action policies by Kojima (2012). After Hafalir et al.
(2013) introduced the concept of a minority reserve policy, Kojima’s axiom was extended
to reserved-based affirmative action policies by Dogan (2016). Complementing the findings
on general priority structures, Dogan (2016) and Chen et al. (2022) provide further results
on the minimal responsiveness of affirmative action mechanisms when priority profiles are
restricted, while Jiao and Tian (2019) study a stronger responsiveness axiom.

In the formal definition below, v" > v means that, for all ¢ € C| v\ > v, and thus v

represents a weakly stronger affirmative action policy than v.

Minimal Responsiveness. A mechanism ¢ is minimally responsive if, for all v,v" € V
such that v' > v, and for all profiles (P, =) such that @gm (v, P,>) # @gm(V', P, >), there
exists ¢ € S™ such that ¢;(v', P,>) P; ¢;(v, P, >).

Minimal responsiveness stipulates that a weakly stronger minority allotment policy
does not result in a Pareto-dominated outcome for minority students when compared
to the original outcome. This appears to be a basic intuitive requirement for any type
of affirmative action policy, yet it is not easy to satisfy. This axiom is in the spirit of
resource monotonicity (Luce and Raiffa, 1957),? a solidarity property which requires that
an increase in resources only benefit (not harm) the agents who receive the resources,
while minimal responsiveness considers, naturally, the impact of an increase in minority
allotments on minority students only. However, minimal responsiveness is not only less
stringent in its welfare implication than resource monotonicity (since it does not require
Pareto-improvement for the minority students, it only calls for avoiding a Pareto-inferior
outcome for them) but it is also even more compelling, given that the explicit objective of
affirmative action is to increase the representation of minority students and hence benefit

them.

4 Affirmative Action Mechanisms and their Compli-

ance with the Main Welfare Axioms

We first evaluate the performance of the different mechanisms with minority allotment

policies that have been studied in the literature based on the three main axioms of non-

2For papers that study resource monotonicity in the matching context see, for example, Ehlers and
Klaus (2003) and Kojima and Unver (2014).
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wastefulness, respecting the affirmation action policy, and minimal responsiveness. The

definition of each mechanism is provided in Appendix A.

4.1 DA Mechanisms with Minority Allotments

The DA with Majority Quotas (DA-Q) mechanism was first studied by Kojima (2012).
The DA-Q mechanism is based on the split school model of Abdulkadiroglu and Sénmez
(2003), where the set of students is partitioned according to their types and each school
has a quota for students of each type. The majority-quota-based affirmative action policy
for the DA mechanism is an adaptation of these mechanisms to the case where only the set
of majority students has a type-specific quota, while minority students don’t have a cap.
The other DA-based mechanism, the DA with Minority Reserves (DA-R) was proposed
by Hafalir et al. (2013). It should be noted that both DA-Q and DA-R simplify to the
standard DA algorithm when ¢™ = ¢ and » = (0,...,0), respectively, that is, without
affirmative action.

The DA-Q mechanism is wasteful, since it puts an upper limit on the majority student
admissions and does not allow majority students to occupy additional seats even if some of
the remaining seats are not claimed by minority students. This was the main motivation
for Hafalir et al. (2013) to introduce the more flexible reserve-based DA-R mechanism
which allows majority students to occupy seats that would otherwise be left empty and
is therefore non-wasteful. The DA-Q mechanism respects the affirmative action policy,
since majority students cannot be accepted by any school ¢ in excess of ¢, while minority
student applicants are accepted for the remaining q. — ¢ seats. With minority reserves,
if a minority student applies to a school in a step of the procedure where all the reserved
seats are already filled, this minority student will be considered for a reserved seat even if
some majority students have been assigned reserved seats tentatively, as the assignments
are not permanent before the mechanism terminates. Therefore, the DA-R mechanism also
respects the affirmative action policy, and the stability notion specified by Hafalir et al.
(2013), which is satisfied by the DA-R mechanism, also implies this. However, neither
of the two mechanisms satisfy minimal responsiveness. This was shown for the DA-Q
mechanism by Kojima (2012) and for the DA-R mechanism by Hafalir et al. (2013) and
Dogan (2016). We summarize these findings below.

Proposition 1. The DA-Q) mechanism respects the affirmative action policy, but it is

wasteful and not minimally responsive.
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Proposition 2. The DA-R mechanism is non-wasteful and respects the affirmative action

policy, but it is not minimally responsive.

The following example illustrates why the DA-Q and DA-R mechanisms are not min-
imally responsive, namely, due to the possibility of rejection cycles in the iterative algo-

rithms.

Example 1. DA-Q and DA-R are not minimally responsive.?

Let SM = {a;,as} and S™ = {iy,is}. Let C = {cy, 9, c3, ¢4} with capacities ¢ = (1,1,1,1).

Table 1: Profile for Example 1

Pa1 Pag Pz PZ >'cl >_02 >‘Ca >_04
2 ﬂ C_3 C1 (05} (05} aq aq

Co ’il aq il a9

C1 0 Cy ’L.Q ig a9 il
0 Cy 0 aq il iQ ig

Consider profile (P, ) in Table 1. If there is no affirmative action (v = (0,0,0,0)),
the DA-Q and DA-R matchings both coincide with the DA matching which is given by
(ca,c1,c3,¢4)* at (v, P, =) (underlined in Table 1). Now consider the (stronger) minority
allotment policy © = (1,0,0,0). The steps of the DA-R procedure are displayed in Table 2.
The resulting DA-R matching at (0, P,>) is (cs,¢2,¢1,¢4), as seen from the final step
(step 6) in Table 2 (and also indicated by the squares in Table 1).

One of the minority students (i1) is worse off when the minority allotment policy is
0, and the other minority student (iz) is indifferent. This is because in step 1 minority
student iy is accepted (instead of majority student a; when there is no affirmative action),
and this starts a rejection cycle in the DA-R procedure which leads to a Pareto-dominated
outcome for minority students (and in fact for all students) when the affirmative action
policy v is used, compared to no affirmative action.

This example demonstrates not only that the DA-R mechanism is not minimally re-

sponsive, but also that the DA-(QQ mechanism suffers from the same problem, since at

3The specific markets used in the examples and some of the proofs can easily be generalized to markets of

arbitrary size by embedding them in a larger market, and thus we omit these straightforward constructions.
4Throughout the paper, the assignments of students are listed in the order in which the students appear

in the preference profile specified in a table.
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Table 2: Steps of the DA-Q/DA-R mechanism with ¢ in Example 1

c1 () c3 | cq4
stepl | @y iy | a i1
step 2 19 ar Qo 11
step 3 19 as ay +t
step 4 | 11 %o Qs ai
step b 1 g 4> aq
step 6 1 as aq 19

Struck out students are rejected in the corresponding step.

the specified profile the DA-QQ mechanism with o = (1,0,0,0), which corresponds to
¢ = (0,1,1,1), leads to the exact same steps, and thus to the same matching, as the

DA-R mechanism. o

4.2 Efficiency Improved DA Mechanisms with Minority Allot-

ments

Dogan (2016) proposed the Modified DA with Minority Reserves (MDA) mechanism which
is minimally responsive. The MDA mechanism iteratively modifies the DA-R mechanism
based on the concept of interferers which resembles Kesten’s concept of interrupters for
EADAM (Kesten, 2010). Instead of general efficiency improvements, MDA is designed to be
minimally responsive to the minority reserve policy, which is achieved by treating relevant
minority student interferers identified in specific steps of the DA-R algorithm as majority
students at some schools in the improvement rounds of the algorithm. Ju et al. (2018) in-
troduced another mechanism, the Efficiency Improved DA with Minority Reserves (EIDA)
mechanism, which performs exact EADAM-style efficiency improvement rounds over the
DA-R mechanism. Ju et al. (2018) utilize the simplified EADAM definition introduced by
Tang and Yu (2014) in the description of their proposed mechanism. Both MDA and EIDA
are non-wasteful. MDA is minimally responsive, as proved by Dogan (2016); this attribute
of the mechanism was the main motivation for proposing MDA. EIDA, on the other hand,
has been shown by Ding et al. (2019) to fail minimal responsiveness. Surprisingly, neither
of the two mechanisms satisfy the axiom of respecting the affirmative action policy, which
we demonstrate next by Example 2. For both mechanisms the intuitive reason for this is

that in the improvement steps minority students are prevented from initiating a rejection
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cycle when applying to a school that initially assigns them to a reserved position but rejects
them later on. This results in efficiency improvement but at the same time disregards the

main intent of the affirmative action policy.

Example 2. MDA and EIDA do not respect the affirmative action policy.
Let SM = {a} and S™ = {iy,is}. Let C = {c1, ¢z, c3} with capacities ¢ = (1,1,1), and let
r=(1,0,0).

Table 3: Profile for Example 2
Pa Pil Pig >_Cl >_02 >_CS

61 a a a

G G i i i
Cy 0 C3 ig il iQ

Consider profile (P, ) in Table 3. When the minority reserve policy is r, minority
student iy is an interferer for school ¢; in the DA-R matching at this profile (underlined
in Table 3), and the second round of the DA-R algorithm, with the modification that i is
considered a majority student at school ¢y, yields the MDA matching (¢q, 3, ¢2) (indicated
by the squares in the table). Since the minority reserve is r., = 1 at school ¢; and ¢; P, 2,
while majority student a is assigned to ¢;, MDA does not respect the affirmative action
policy.

In this example EIDA yields the same matching at (r, P, =) as MDA, given that ¢, is
the only under-demanded school after round 1, and if we remove i, with her assignment ¢,
then i and a are both assigned their respective first choices in the second round. Therefore,

EIDA does not respect the affirmative action policy. o

We summarize the properties of MDA and EIDA below.

Proposition 3. The MDA mechanism is non-wasteful and minimally responsive, but it

does not respect the affirmative action policy.

Proposition 4. The EIDA mechanism is non-wasteful, but it does not respect the affir-

mative action policy and it is not minimally responsive.
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4.3 TA Mechanisms with Minority Allotments

Ergin and Sénmez (2006) introduced the Boston mechanism with type-specific quotas,
which is an TA mechanism with a fixed quota for each type of students. The [A-Q mecha-
nism is an adaptation of this mechanism that only has a type-specific quota for majority
students, similar to the DA-(Q mechanism but uses immediate acceptances instead of de-
ferred acceptances. Afacan and Salman (2016) analyzed an immediate acceptance mecha-
nism with both quotas and reserves, and showed that the IA-Q mechanism is not minimally

responsive. We demonstrate this finding with the next example.

Example 3. IA-Q is not minimally responsive.
Let SM = {ay,ay} and S™ = {i}. Let C = {cy, ca, c3} with capacities ¢ = (1,1, 1).

Table 4: Profile for Example 3
Pa1 Pag Pz >'cl >_62 >‘03

C2 &1 Q2 ai a1

0 @ ap  az  a

Consider profile (P, =) in Table 4. With no affirmative action (¢ = (1,1, 1)), minority

> [3]

student ¢ is matched to school ¢z at the specified profile by the IA-Q mechanism (see the
underlined matching in Table 4). With the stronger affirmative action policy ¢™ = (1,0, 1),
minority student 7 is unassigned by the IA-Q mechanism at the same profile (indicated by
the squares in Table 4). Since i is the only minority student, this shows that the TA-Q

mechanism is not minimally responsive. o

Proposition 5. The IA-Q mechanism respects the affirmative action policy, but it is waste-

ful and not minimally responsive.

Proof.

Wasteful: 1t is easy to see that the IA-Q mechanism is wasteful, since if a school seat is
not claimed by any minority student when the majority quota is already filled by other
majority students at this school, then no additional majority student can be assigned to

this seat.

Respects the affirmative action policy: The TA-Q mechanism does not assign majority

students to v, = q. — ¢ seats at any school ¢, since it never assigns majority students in
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excess of the majority quota. At the same time, it does not reject a minority applicant
from a school with empty seats. Therefore, the TA-Q mechanism respects the affirmative
action policy.

Not minimally responsive: See Example 3. O]

We explore next the IA with Minority Reserve (IA-R) mechanism, which corresponds
to the special case of the hybrid mechanism studied by Afacan and Salman (2016) where
there are no majority quotas. This is also the same as the IA Mechanism with Affirmative-
Action-Target introduced by Dogan and Klaus (2018).

Example 4. IA-R does not respect the affirmative action policy.
Let SM = {ay,ay} and S™ = {i}. Let C' = {c, ca, c3} with capacities ¢ = (1,1, 1).

Table 5: Profile for Example 4

P, P, P e en es
C3 0 Cy 1 aq (05}

0 aq 1 )

Consider Profile (P, >) in Table 5. The IA-R matching at this profile with minority
reserves r = (0, 1,0) is (c2, ¢1, ¢3) (as indicated by the squares in Table 5). Given that the
minority reserve is ., = 1 at school ¢, and ¢y P; c3, while majority student a; is assigned
to the only seat at ¢y, it follows that the IA-R mechanism does not respect the affirmative

action policy. o

The most remarkable feature of the IA-R mechanism is that it is minimally responsive,
as shown by Afacan and Salman (2016), which contrasts interestingly with the fact that
the DA-R mechanism is not minimally responsive. However, the IA-R mechanism does
not respect the affirmative action policy, as shown by Example 4, because it allows major-
ity students to fill unoccupied minority reserve seats permanently, due to the immediate
acceptances. Interestingly, the IA-QQ mechanism does not suffer from the same problem
because its inflexible quota-based affirmative action policy does not allow for assigning
majority students to minority allotment seats, but at the same time this feature leads to
wastefulness. This differs from the DA mechanisms for which a reserve-based affirmative

action policy is a clear improvement over a quota-based policy.
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Proposition 6. The IA-R mechanism is non-wasteful and minimally responsive, but it

does not respect the affirmative action policy.

Proof.

Non-wasteful: The TA-R algorithm fills as many remaining seats as possible up to its
capacity q. in each step, by first accepting minority students for remaining minority reserve
seats and then by accepting any remaining applicants for the remaining seats, and all

acceptances are permanent.
Does not respect the affirmative action policy: See Example 4.

Minimally responsive: See Afacan and Salman (2016). O

4.4 Summary of the Previous Affirmative Action Mechanisms

As we have just shown, none of the previous mechanisms satisfy all three of the main

welfare axioms.® Table 6 summarizes the findings of Propositions 1-6.

Table 6: Comparison of mechanisms

Welfare Axioms

Mechanism Minimally

Non-Wasteful | Respects AA Responsive
DA-Q v
DA-R v v
MDA v v
EIDA v
[IA-Q v
IA-R v v

STTC-based affirmative action mechanisms have also been studied in the literature. We omitted these
from our detailed analysis since they are less relevant for the paper, given the focus on immediate and
deferred acceptance, but nevertheless the two TTC-based affirmative action mechanisms do not meet all
three of our welfare axioms either. The TTC-Q mechanism (Kojima, 2012), which imposes quotas, has
similar properties to DA-Q and TA-Q: it respects the affirmative action policy, but it is wasteful and not
minimally responsive (for the latter, see Kojima (2012) or Example 3 in which TA-Q and TTC-Q yield the
same matchings). The TTC-R mechanism with minority reserves, defined by Hafalir et al. (2013), while
non-wasteful and respects the affirmative action policy, does not satisfy minimal responsiveness, just like

DA-R (the latter can also be demonstrated by means of a simple example: see Chen et al. (2022)).
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If we consider minimal responsiveness the least important axiom among the three wel-
fare criteria, DA-R emerges as the best one among the six mechanisms. If, on the other
hand, respecting the affirmative action is less important than minimal responsiveness, then
MDA and ITA-R stand out. The DA-R mechanism is unambiguously preferable to the DA-Q
mechanism, as it dispenses with the wastefulness of DA-Q and it still respects the affir-
mative action policy. The same cannot be said about the IA-R and TA-Q mechanisms,
since IA-R does not respect the affirmative action policy, while at the same time it is mini-
mally responsive in contrast to DA-R. Among the four DA-based or IA-based mechanisms
only IA-R satisfies minimal responsiveness, but the IA-R mechanism does not respect the
affirmative action policy which is in some sense an even more fundamental requirement
than minimal responsiveness. The same goes for MDA which, despite being minimally re-
sponsive, is arguably less appealing than DA-R because it does not respect the affirmative

action policy.

4.5 On Manipulability

An important issue to address when comparing different types of mechanisms based on the
DA, IA and EADAM is their different vulnerability to manipulation. While the DA-based
DA-Q and DA-R mechanisms are strategyproof, [A-based mechanisms can be shown not
only to be manipulable but also obviously manipulable, with EADAM somewhere between
them, as it is manipulable but not obviously manipulable (Troyan and Morrill, 2020). Thus,
in strategic settings we cannot be certain to what extent the axioms are satisfied, since the
exact theoretical results hold only for the reported preferences which are not necessarily
the true preferences. Does this mean that only the properties of DA-R and DA-Q hold
exactly, while the theoretical properties of IA-Q and TA-R are much less reliable due to
strategic distortions? This is far from clear, since a steadily growing experimental literature
documents the frequent misrepresentation of the true preferences even in strategyproof
mechanisms, and specifically in the DA, which has been demonstrated in many different
environments under a variety of treatments (Chen and Sénmez (2006), Pais et al. (2011),
Klijn et al. (2013), Echenique et al. (2016) and Chen and Kesten (2019), among others®),
and there is also experimental evidence that the same holds when minority reserves are in

place (Klijn et al., 2016). Moreover, surprisingly, there are some experimental treatments

6See Hakimov and Kiibler (2021) for a comprehensive survey of experimental results in the school choice

and college admissions models.
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for which the truth-telling rates of DA and IA are comparable, typically depending on the
informational setting (Pais and Pintér (2008), Featherstone and Niederle (2016), Ding and
Schotter (2019)). The experimental findings are complemented by some field evidence (e.g.,
Hassidim et al. (2018), Chen and Pereyra (2019) and Fack et al. (2019)), which may not
be highly reliable, however, since the true preferences are difficult to observe or estimate.
On the other hand, experimental treatments have their own problems, as experimental
subjects may find too little incentive to perform well, compared to making real life choices,
and experiments may provide too little context or leave too short a time to learn about
the mechanisms.

Misrepresentation in the DA is often done the same way the IA mechanism is ma-
nipulated, by placing “safe” schools higher in the preference ordering, where a school is
considered “safe” for a student if the school ranks the student high in its priority order-
ing. This may be connected to risk or loss aversion, but there are also other explanations
that attribute the use of often dominated choices to the complexity of understanding
optimal strategies or to biased beliefs, among others. The theoretical approaches that at-
tempt to offer various reasons for the lack of truth-telling (see e.g., Li (2017), Ashlagi and
Gonczarowski (2018), Velez and Brown (2019) and Dreyfuss et al. (2022)) are too wide-
ranging to summarize here. Suffice it to say, not only our comparison of mechanisms with
a varying degree of manipulability is difficult, but even the received wisdom of assuming
truthful reporting under strategyproof mechanisms cannot be maintained any more.

One usual way to deal with manipulable mechanisms is to check whether the results
hold in equilibrium, but the above arguments should make it clear that such an equi-
librium analysis would not address the strategic issues adequately, as no straightforward
analysis can address the problem of untruthful reporting, given that even seemingly robust
dominant strategies are not followed by participants. There is also evidence in the match-
ing context that non-truth-telling equilibria are unlikely to be reached (Featherstone and
Niederle, 2016). In sum, we cannot be certain of the accuracy of either a direct comparison
(based on the assumption that students are sincere) or an equilibrium comparison of these
mechanisms. Due to the lack of an appropriate way to address strategic considerations,
we view our results as a first step in a theoretical investigation, keeping in mind that the

results apply exactly only in non-strategic settings.
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5

A New Mechanism: TA-DA-R

We now introduce a mechanism that satisfies all three of the welfare axioms, proving in a

constructive manner that they can be satisfied simultaneously. In order to motivate the

proposed new mechanism, first we make several observations based on the previous analysis

of the already known mechanisms.

0.

0.

114,

Deferred (tentative) acceptances allow for the non-wasteful minority reserves to re-
spect the affirmative action policy, but when applied to reserved seats they violate
minimal responsiveness, since tentative acceptances may lead to rejection cycles.
Thus, there is no way to have a minimally responsive mechanism with deferred ac-

ceptances only.

Immediate (permanent) acceptances allow for the minority reserves to be minimally
responsive, but when applied to majority students and reserved seats they do not
respect the affirmative action policy, since majority students may be permanently
accepted for reserved seats ahead of minority students who apply later. Immediate
(permanent) acceptances with majority quotas, on the other hand, ensure that the
affirmative action policy is respected, but they lead to wastefulness. Thus, there is no
way to have a non-wasteful mechanism which respects the affirmative action policy

with immediate acceptances only.

A non-wasteful mechanism that respects the affirmative action policy requires that
the set of accepted students be updated when new minority students apply to a
school, replacing tentatively accepted majority students who were previously allowed
to occupy minority reserve seats in the absence of minority applicants. This is the
essence of minority reserves, but this is at odds with minimal responsiveness, unless
minority students assigned to reserved seats are not replaced by newly applying mi-
nority students, since such replacements can lead to rejection cycles that may, in the

end, result in not benefiting any minority students and potentially harming some.

In light of the above considerations, our proposed mechanism, the Immediate and

Deferred Acceptance Mechanism with Minority Reserves (IA-DA-R) incorpo-

rates immediate acceptances of minority students for minority reserve seats, while all other

acceptances are deferred (i.e., tentative) acceptances.

We will need the following notation in order to formally define the IA-DA-R mechanism.

For all t > 1, let A.(t) denote the set of students applying to school ¢ in step ¢, and let
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T.(t) denote the set of tentatively accepted students at school ¢ in step ¢. Let m.(t) denote
the number of permanently accepted minority students at school ¢ in total in steps 1 to
t. In the following we will denote the IA-DA-R mechanism by %, to distinguish it from a

general mechanism denoted by .

IA-DA Mechanism with Minority Reserves (IA-DA-R)

Fix a minority reserve policy r and a profile (P, >).
Step 1: Every student applies to her most preferred (acceptable) school according to P.

Substep 1l.a: Applying minority students are permanently assigned to

reserved seats.

If . > 0, school ¢ permanently assigns seats to minority students in A.(1) according

to its priority ordering >., up to its number of minority reserve seats r..

Substep 1.b: Remaining applicants are tentatively assigned to unreserved

seats and remaining reserved seats.

Each school ¢ tentatively accepts students among the remaining applicants in A.(1)
according to its priority ordering >., up to its capacity g. in total. Any remaining

unassigned students in A.(1) are rejected.

Step t (t > 2): Every student who was rejected in step ¢t — 1 applies to her next most

preferred acceptable school according to P.

Substep t.a: Applying minority students are permanently assigned to re-

maining reserved seats.

If r. —me(t—1) > 0, school ¢ permanently assigns seats to minority students in A.(¢)
according to its priority ordering >., up to its remaining number of minority reserve

seats r. — mg(t — 1) .

Substep t.b: Remaining applicants and tentatively assigned students in
the previous step are tentatively assigned to unreserved seats and re-

maining reserved seats.

Each school ¢ tentatively accepts students remaining unassigned in A.(t) UT.(t — 1),
that is, among the remaining applicants in step ¢ and the tentatively assigned ap-
plicants in step t — 1, according to its priority ordering >., up to its capacity q. in

total. Any remaining unassigned students in A.(t) UT.(t — 1) are rejected.
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The mechanism terminates when there is no more rejection by any school. All tentative
matches in the final step become final matches, which together with the permanently

accepted minority students constitute the matching assigned to (r, P, >). o

Note that for all ¢ > 1, substep ¢t.b may include the tentative assignment of majority
student applicants to remaining reserved seats if less than r. minority students have applied
to school ¢ up to step ¢, and thus r. > m.(t). Alternatively, it is also possible that remaining
minority student applicants are tentatively assigned to unreserved seats if all reserved seats
are already filled, i.e., if r. = m.(¢). In the IA-DA-R mechanism minority students are
accepted permanently for reserved seats, but are only accepted tentatively for unreserved
seats and can be replaced at unreserved seats by new applicants with a higher priority
later, similarly to majority students. Majority students can only be accepted tentatively
for both reserved and unreserved seats, and are only assigned tentatively to reserved seats
when there are no minority applicants for the reserved seats.

It is easy to see that with no affirmative action the IA-DA-R mechanism is equivalent
to the DA. At the other extreme, if all the seats are minority reserve seats then minority
students are prioritized for all the seats over majority students, while majority students are
assigned tentatively to remaining empty seats only. In principle, in the unlikely scenario
that there are enough minority students and acceptable schools for minority students to
take up all the seats when all seats are reserved, the IA-DA-R mechanism becomes equiv-

alent to the TA mechanism.”

Example 5. Illustration of the IA-DA-R mechanism.
Let SM = {ay,...,a5} and S™ = {iy,...,i4}. Let C = {cy,...,cq4} with capacities ¢ =
(3,2,3,1).

Consider the profile in Table 7. Without affirmative action, the IA-DA-R matching u
is the same as the DA matching and it is given by (c1,c1, ¢2, ¢4, 1, Co, C3,C3,¢3) (under-
lined in Table 7). With minority reserve policy 7 = (2,0,0,0), the IA-DA-R matching
is (¢, c3,Co,C4,C,C3,01,¢3,¢1) (indicated by the squares in Table 7). The steps of the
[IA-DA-R algorithm are displayed in Table 8. o

"Note that the IA-DA-R mechanism is not a member of the class of PRP mechanisms studied by Ayoade
and Papai (2023), since minority applicants are accepted permanently for remaining minority reserve seats
in the step when they apply, regardless of where they rank the school, and hence there are no preference

rank partitions for minority students that can be applied to each profile when considering reserved seats.
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Table 7: Profile for Example 5
a4 Pa5 Pz -Pig -Pz'g Pi4 >cl >c2 >03 >64

=
=
o
9

(G C4 Cq Cq Cq ai as as 2
Cy c3 ¢ G Cy as a3 ay  ap
C3 Co C3 (&) C1 (&) (&) Cyq Qo aq ig a9
Cy Cy Cyq cl C3 g 1 G as i3 aq as

i i1 a3 Ny
ig ig Qy ig
Q4 a4 i1 i3
i3 a9 ig as

(7R VR VI 71

Table 8: TA-DA-R steps at (7, P,>) in Example 5

C1 C2 C3 Cq
step 1 aq ag&g@ (4, G5 41 %2 43
step 2 | a1 @y &5 () () | a3 iy i3 ay
step 3 ay @y Gy as as i+ | as i3 ay
step4 | a4 @ @) as as as i3 N
step 5 ay Gy Gy as as | a9 i1 i3 ay

Struck out students are rejected in the corresponding step.

Circled students are minority students who are permanently assigned to minority reserve seats.

Theorem 1 (IA-DA-R satisfies the three main welfare axioms).
The IA-DA-R mechanism is non-wasteful, respects the affirmative action policy and is

manimally responsive.

Proof.

Non-Wasteful: The TA-DA-R mechanisms never rejects a new applicant in any step if there
is any empty school seat remaining, and a tentatively accepted student is only rejected in
any step of the TA-DA-R procedure if a new student is accepted to fill the school seat.
Therefore, it is not possible to have an empty school seat in the final matching which is
preferred by any student to her assignment, and thus the TA-DA-R mechanism is non-

wasteful.

Respects the Affirmative Action Policy: The minority reserve seats at each school are

assigned to available minority applicants in each step of the IA-DA-R algorithm, prioritizing
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minority applicants over majority applicants for the minority reserve seats. Moreover,
minority students are permanently assigned to seats up to the number of minority reserve
seats r. at each school ¢, while majority students are only tentatively assigned to minority
reserve seats and only if there are not enough minority applicants to fill the minority reserve
seats, and they are rejected in later steps of the procedure if new minority students apply
to the school. Therefore, it is not possible for a minority student to be rejected by a school
unless all reserved seats are already filled with minority students at this school, and hence

the TA-DA-R mechanism respects the affirmative action policy.

Minimally Responsive: Let r,r’ be two minority reserve policies such that » < r’ and fix
a profile (P,>). Let u =1 (r, P,>) and p/ = ¢ (1, P, >), where ¢ denotes the IA-DA-R
mechanism. Assume that p # u/. Let step t be the first step in the IA-DA-R algorithm at
which the accepted sets of students differ at (r, P,>>) and (/, P,>). Since steps 1 tot — 1
are the same (when ¢ > 2) and the difference is only in the minority reserve policy, it must
be the case that a minority student applicant gets accepted by a school at (1, P, >) for a
minority reserve seat but is rejected by this same school at (r, P,>), due to the stronger
affirmative action policy ' compared with 7. Given that minority students are permanently
accepted for minority reserve seats by the IA-DA-R mechanism, this implies that at least
one minority student is better off with matching x/ than matching u: there exists i € S™

such that p, P; ;. Therefore, the IA-DA-R mechanism is minimally responsive. O

Given Theorem 1, the axioms of non-wastefulness, respecting the affirmative action
policy, and minimal responsiveness are compatible. We establish a stronger existence

result next based on the fairness properties of the IA-DA-R mechanism.

6 Minority Fairness: An Existence Result

A mechanism with an affirmative action policy cannot satisfy standard fairness, since
the main objective of affirmative action is to allow minority students to be prioritized
over majority students in some instances, violating the priorities of majority students.
We define below a fairness axiom which allows for priority violations due to affirmative
action. It permits priority violations only by minority students, and priority violations
at each school are limited to the minority allotment seats, balancing the requirements of

affirmative action with the rights of majority students.

Minority Fairness. A matching p is minority fair at (v, P, >) if it satisfies the fol-
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lowing two conditions:
1. no majority student violates another student’s priority in y;
2. at most v, minority students violate the priority of another student in u at each
school c.

A mechanism ¢ is minority fair if, for all (v, P,>), ¢ (v, P, >) is minority fair at (v, P, >).

Minority fairness is a simple fairness axiom for quota or reserve-based affirmative action
mechanisms. It becomes the standard fairness property (i.e., no priority violations) when
there is no affirmative action, since in this case not only majority students cannot violate
another student’s priority, by condition 1, but also minority students cannot violate any
other student’s priority at any school, by condition 2, given v, = 0 for all ¢ € C.

DA-Q, DA-R and MDA satisfy minority fairness (as does DA), while the efficiency
improvements of EIDA destroy this property of DA-R. Immediate acceptances generally
violate the priorities of students and thus IA-Q and TA-R allow minority and majority
students alike to violate other students’ priorities. Consequently, IA-Q and TA-R are not
minority fair (and neither is IA). However, IA-DA-R satisfies minority fairness, as we will

show next. Therefore, given Theorem 1, we can state the following possibility result.

Theorem 2 (Possibility result).
There exists a mechanism that satisfies the following properties:
- non-wastefulness

respecting the affirmative action policy

minimal responsiveness

minority fairness

Proof. Given Theorem 1, it suffices to show that the TA-DA-R mechanism is minority
fair, that is, it satisfies the two conditions in the definition of minority fairness. First
note that majority students are always accepted tentatively only and without violating
any previous or current applicant’s priority at that school, and are rejected due to higher-
priority applicants in later steps in the IA-DA-R procedure, whether for a reserved seat or
an unreserved seat. Thus, no majority student violates any other student’s priorities at any
aa-profile and condition 1 holds. Majority students are also rejected due to new minority
student applicants if the reserved seats are not yet filled. Moreover, minority students are
treated similarly to majority students when applying for seats after the minority reserve
seats have been filled with minority students. This implies that no more than v, minority

students violate the priority of another student at any school ¢, satisfying condition 2. [
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An implication of condition 1 in the definition of minority fairness is that there is no
priority violation within the group of majority students. Fairness axioms in the literature
often require that there is no priority violation within the sets of same types of students,
which would also imply that there are no priority violations among minority students either.
However, minority fairness does not imply this, and the relaxation of this requirement for
minority students plays a crucial role in our analysis. It allows us to obtain an existence
result which contrasts with an important impossibility result of Dogan (2016). Since the
axioms are grouped and named differently in his paper from ours, in order to present a
clear comparison we state a variation of Proposition 1 in Dogan (2016) using our axioms,
and give a direct proof to demonstrate this result and to provide further intuition (see also

Proposition 9 in Dogan (2016) which further strengthens this impossibility result).

No Within-Minority-Group Priority Violations. A matching y satisfies no within-
minority-group priority violations at (v, P, >=) if no minority student violates another minor-
ity student’s priority in g at (v, P,>). A mechanism ¢ satisfies no within-minority-group
priority violations if for all (v, P,>), ¢ (v, P, >=) satisfies no within-minority-group priority

violations at (v, P, >).

Proposition 7 (Impossibility result with the addition of no within-minority—
group priority violations).

There is no mechanism that satisfies the following properties:

non-wastefulness

- respecting the affirmative action policy
- minimal responsiveness

- minority fairness

- no within-minority-group priority violations

Proof. Suppose for a contradiction that mechanism ¢ with minority allotments is non-
wasteful, respects the affirmative action policy, is minimally responsive, minority fair and
satisfies no within-minority-group priority violations. Let S™ = {a} and S™ = {iy,is}.
Let C' = {c1, co} with capacities ¢ = (1,1).

Consider profile (P,>) in Table 9. When there is no affirmative action, a minority
fair mechanism yields a fair matching at each profile. Let v = (0,0). Then (a,cy) at
(v, P,>=),® otherwise a’s priority would be violated at ¢y, contradicting minority fairness.

Then non-wastefulness implies that ¢(v, P, =) = (9,0, ¢1) (underlined in Table 9).

8We denote the assignment of student s to school ¢ by (s, ¢), and write (s,0) when s remains unassigned.

26



Table 9: Profile for the proof of Proposition 7
P, P, P e e
1 a a
0 il

0] iy iy

G
[e1]
0

Now consider the minority allotment policy © = (0,1). If (a,cs) then ¢ does not
respect the affirmative action policy, and thus either (i1, co) or (iz, co) holds. If (ig, ¢o) then
non-wastefulness (specifically individual rationality) implies that (i1,0) holds and thus,
compared to the matching obtained at (v, P, >), ¢; is indifferent and is is worse off. This is
ruled out by minimal responsiveness, and therefore (i1, cs) holds. Since 0., = 0, minority
fairness implies that there are no priority violations at school ¢y, and hence (a,c;). This
means that (iz,0) and (v, P, >) = (¢1,¢2,0) (as indicated by the squares in Table 9),
implying that the axiom of no within-minority-group priority violations is not satisfied,

since 79 >, 71. This is a contradiction, which proves the impossibility result. O

Comparing Theorem 2 to Proposition 7, the only additional requirement in Proposi-
tion 7 is the axiom of no within-minority-group priority violations. This indicates that
if we allow minority students to violate another minority student’s priorities (up to the
number of reserved seats at each school, as limited by minority fairness), we turn the
impossibility result into a possibility result, and hence this relaxation of the requirement
that there should be no priority violations among minority students is responsible for our
possibility result when compared with Dogan’s impossibility result. This is an interesting
insight and it fits well with what we know about the IA-DA-R mechanism, as it is a salient
feature of TA-DA-R that minority students may violate another minority student’s prior-
ity due to the immediate acceptance of minority students for minority reserve seats. The
possibility of priority violations between minority students is also demonstrated by Exam-
ple 5. Although 7; has a higher priority at school ¢; than i and i4, due to the immediate
acceptances for minority reserve seats i is rejected by school ¢q, since i1 applies to ¢; only
in step 4, and the two minority reserve seats have already been filled permanently with
minority students i, and 74 in previous steps.

It is possible to satisfy the axioms simultaneously in Theorem 2 at the cost of relaxing
the fairness requirement within the minority student group. One may argue that under

some circumstances Dogan’s impossibility result can be avoided at possibly little cost. Al-
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though the desirability of ruling out priority violations among the same type of agents
is usually taken for granted, this is not always obvious in the case of minority students,
especially when an affirmative action policy is in place. In the IA-DA-R mechanism minor-
ity students who rank a school higher than other minority students are more likely to be
assigned to a reserved seat at that school, which may be an attractive feature for allocating
minority reserve seats.” Some critics of affirmative action policies claim that affirmative
action benefits primarily the most privileged members of disadvantaged groups, which
may very well mean the highest-priority minority students when the priority orderings of
schools are based on achievement. Therefore, fairness considerations may actually favor

not respecting the priorities among minority students in certain contexts.

7 Impossibility Theorems

We now turn to the analysis of strategyproofness for affirmative action mechanisms that
have set-aside seats for minorities. Among the seven analyzed mechanisms only the DA-Q
and DA-R are strategyproof. The strategyproofness of DA-Q follows immediately from
the strategyproofness of the DA, while the same property of the DA-R mechanism was
established by Hafalir et al. (2013). The other mechanisms are all manipulable, which is
not too surprising for either MDA and EIDA, given that EADAM is not strategyproof, or
for IA-DA-R, TA-Q and TA-R, given that IA is not strategyproof. In particular, the TA-
DA-R mechanism can be manipulated by minority students, since minority students may
be able to obtain a school’s reserved seat by ranking this school higher than in their true
preferences, thereby gaining immediate (permanent) acceptance at this school before other
minority students with a higher priority apply to it. This is the same type of manipulation
that all students may be able to carry out in the IA mechanism and have been shown
to be obvious manipulation strategies by Troyan and Morrill (2020). However, it is not
possible to reconcile strategyproofness for minority students with the three welfare axioms

and minority fairness, as we will establish next. This implies that the IA-DA-R mechanism

9However, the rankings of schools by minority students do not always explain priority violations between
two minority students. This is because a minority student i; may be “stuck” with being assigned to an
unreserved school seat for multiple steps in the TA-DA-R procedure before being rejected by this school,
and thus may apply too late to another school ¢ and lose out to a permanently accepted minority student
i who has both a lower priority for ¢ than ¢; and ranks ¢ lower than i; does. This means that the
PP-stability axiom of Ayoade and Pdpai (2023), which relaxes standard stability by allowing for priority

violations based on preference ranks, is not satisfied by IA-DA-R.
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is necessarily manipulable by minority students, since it satisfies all the other axioms.

Theorem 3 (Impossibility of strategyproofness for minority students).

There is no mechanism which satisfies the following properties:

non-wastefulness

respecting the affirmative action policy

minimal responsiveness

mainority fairness

strategyproofness for minority students

Proof. Suppose for a contradiction that mechanism ¢ is non-wasteful, respects the affir-
mative action policy, is minimally responsive, minority fair and strategyproof for minority
students. Let SM = {a;} and S™ = {i,iy,i3}. Let C = {c1,c2,c3} with capacities
qg=(1,1,1).

Table 10: Profiles for the proof of Theorem 3

PCL1 -Pil PZ -PZ Pa1 -F)il -Pig -P7j/3 >61 >62 >C3

C2 1 C3 C3 C1 C3 1 ai ai 41

C_g
0 [e] 0 [0] 0 ¢ [0] O i iy s
0

0 ig ig aq

Consider profile (P,>) in Table 10. When there is no affirmative action a minority
fair mechanism yields a fair matching at each profile. Thus, when v = (0,0,0) there is
no priority violation and ¢ yields (aj,c2). Then, given that iy is ranked last according
to >, among the remaining students, individual rationality and minority fairness imply
(i2,0). If (i1, c3) and (i3, c1) then both ¢; and i3 can manipulate at (v, P, >) by reporting
P, : (¢1,0) and P, : (c3,0), respectively, since in either case the only non-wasteful fair
matching that remains is (cg, ¢1,0, ¢3). Since @ is strategyproof for minority students, this
is a contradiction, and non-wastefulness implies that p(v, P, =) = (g, ¢1,0, ¢3) (underlined
in Table 10 in preference profile P).

Now assume that the minority allotment policy is o = (0,1,0). Respecting the affir-
mative action policy combined with non-wastefulness (specifically, individual rationality)
requires (i1, ce) or (ig, c2), since otherwise (i, c3) would hold, and this would violate the

priority of i3 at c3. If (i1, o) at (0, P, >) then minimal responsiveness implies that (is, c3),
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which has already been ruled out. Hence, (is,cs). Then minority fairness implies that
(ay,c1), and thus (iq, c3). Therefore, (0, P, =) = (c1, 3, ¢2,0) (indicated by the squares in
Table 10 in preference profile P).

(3

students report the same as at P, as shown by Table 10. Let P' = (P!, P_;,). When there

137

Next, consider the preference profile where i3 reports Pj, : (c1,¢3,0) and all other

is no affirmative action, the matching at P’ is fair, and fairness and non-wastefulness imply
that (ay,cy), and consequently (i3, ;). Then the non-wastefulness of ¢ implies that c; is
assigned and, by minority fairness, ¢(v, P’,>) = (¢g,¢3,0,¢1) (underlined in Table 10 in
preference profile P’).

Consider again the minority allotment policy © = (0,1,0). Respecting the affirmative
action policy implies that either (i1,cz) or (ig, cy) must hold, otherwise (i1, ¢;) would be
required and i3’s priority would be violated at ¢;. Then, by minority fairness and non-
wastefulness, p(v, P’, ) is either (c1, ¢, 0, ¢3) or (c1, ¢3, ¢2,0). Suppose for a contradiction
that (2, P, =) = (c1,¢3,¢2,0). Then i; could report P, : (cy1,¢s,0) at P’, and minority
fairness and non-wastefulness would imply that (v, (P;,, P’ i) =) = (c2,0,¢c3,¢1). Then,
if i, (9, (P, P';,), =) = 0, either respecting the affirmative action policy is violated (when
(19, co) does not hold) or minimal responsiveness is violated (when (iz, ¢2) holds), which is a
contradiction, and thus ¢;, (9, (P;,, P_;,), =) # 0. Then i; can manipulate at (o, P, =) by
reporting P,,. This is a contradiction, since i; is a minority student and cannot manipulate.
Therefore, p(v, P',>) = (c1, 2,0, ¢3) (indicated by the squares in Table 10 in preference
profile P"). However, this means that minority student i3 can manipulate at (v, P,>) by

reporting Pj,. This is a contradiction. O

An interesting question is whether the TA-DA-R mechanism can be manipulated by
majority students, as they are only accepted tentatively for both reserved and unreserved
seats, and thus they seem to face a similar environment to that of the strategyproof DA
mechanism. Surprisingly, majority students are also able to manipulate the TA-DA-R
mechanism. However, majority students can only obtain a better school assignment by
manipulating indirectly, through affecting the immediate acceptances of minority students
for minority reserve seats in some step of the IA-DA-R algorithm, which in turn can lead to
a better assignment for the misreporting student in a later step. This kind of manipulation
may also be carried out by minority students, but majority students can only manipulate
this way. In the next example we show the manipulability of the IA-DA-R mechanism in

this subtle manner.
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Example 6 (IA-DA-R can be manipulated by majority students).
Let SM = {ay,asy} and S™ = {iy,is}. Let C' = {cy, ca, c3} with capacities ¢ = (1,1,1) and
let the minority reserve policy be r = (0, 1,0).

Table 11: Profiles for Example 6
Pa1 Paz Pi1 Piz Pa1 Pcig Pi1 Piz e T s

C2 C3 C1 C1
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0
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Given the profile (P, >) specified in Table 11, the TA-DA-R matching is ¢(r, P, =) =
(1,0, ¢c3,¢2). If majority student ap reports P, instead of F,, then the [A-DA-R matching
is ¥(r, (P,,, P-a,),=) = (c1,¢3,¢2,0) (both matchings are indicated in Table 11). Thus,
majority student ap gets c3 with the false report P, , which is preferred by a; to remaining
unassigned. Therefore, majority student a; can manipulate ¢ at (r, P, =) by reporting P,_.
Intuitively, when as reports ¢ first, both minority students are rejected from ¢ in the first
step, since as has higher priority at ¢; than both of them, and thus both minority students
apply to ¢y in step 2, which ensures that ¢; is accepted permanently by cy;. By contrast,
if as reports truthfully, ¢; applies to c¢; too late, when the minority reserve seat is already
assigned to 7o permanently. Thus, as’s competition at c3 is 7; in the next step, as opposed
to 19 when ay reports untruthfully. Since ¢; has a higher priority than ay at school ¢z, while
19 has a lower priority, this misrepresentation allows as to successfully manipulate. Note

that the same manipulation would occur if ay was a minority student in this example. ¢

For comparison, note that MDA is also manipulable by both minority and majority
students. However, MDA is robust to manipulation in certain limited information environ-
ments, similarly to EADAM (Dogan, 2016), which does not hold for IA-DA-R. We analyze
the incentive properties of IA-DA-R in Section 8.

In light of Example 6, it makes sense that a similar impossibility result to Theorem 3

can be obtained for majority students, as we state below.

Theorem 4 (Impossibility of strategyproofness for majority students).
There is no mechanism that satisfies the following properties:

- non-wastefulness
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- respecting the affirmative action policy
- minimal responsiveness
- minority fairness

- strategyproofness for majority students

Proof. Suppose for a contradiction that mechanism ¢ is non-wasteful, respects the affir-
mative action policy, is minimally responsive, minority fair and strategyproof for majority
students. Let SM = {ay,as,a3} and S™ = {iy,is}. Let C' = {c1,...,c4} with capacities
g=(1,1,1,1).

Table 12: Profiles for the proof of Theorem 4

Py, Py, Py, P, P Py P, P, P P, o e Tep e
Cp 3 4 C G4 C c3 1 G ap a4 ap
cg  C2 G C2 ag 1 G2 i
0 0 a 0 0 0 cs i iy a3 ag
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. ay iy

Consider profile (P, =) in Table 12. When there is no affirmative action a minority fair
mechanism yields a fair matching at each profile. Thus, when v = (0,0,0,0) there is no
priority violation and ¢ yields (a1, ¢2) at (v, P, >). Note that i5 cannot be assigned ¢y, given
that ag has a higher priority for ¢; and ranks it first. Thus, (i2,0). Now suppose that (as, c3)
does not hold. Then (i, c3), otherwise as’s priority would be violated at ¢3. Then (asg, ¢4),
otherwise ay’s priority would be violated at c;. Consequently, non-wastefulness implies
(as, ¢1). Now consider the scenario that ay reports preferences P, : (3, 0) instead of P,,. At
(P,,, P_4,) we still have (a1, c2) as before, and individual rationality and minority fairness
imply (as,cq4). Then, by non-wastefulness, (i1, c;), and hence non-wastefulness implies
(ag,c3). This means that if ¢,,(v, P,>) # c3 then majority student i, can manipulate
at (v, P,>) by reporting ]5@2, which would be a contradiction. Therefore, (asg,cs) holds.
By individual rationality and minority fairness (as, c4) follows, and thus non-wastefulness
yields (i1, ¢1). In sum, (v, P,>) = (¢2, ¢3, ¢4, ¢1,0) (underlined in Table 12 in profile P).

Now assume that the minority allotment policy is © = (0,1,0,0). If (i1, c2) at (0, P, >)
then minimal responsiveness would imply (iz, ¢4). However, this would contradict minority
fairness, since ag has a higher priority for ¢4 and ranks it first. Therefore, respecting the

affirmative action policy requires (is,c3). Then non-wastefulness and minority fairness
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imply (ai, 1), then (i1, c3) and (ag,cq). Therefore, (as,0). This means that ¢(0, P, =) =
(¢1,¢4,0,c3,c2) (indicated by the squares in Table 12 in preference profile P).

Next, consider the preference profile where as reports PC’L3 : (es3,¢1,¢4,0) and all other
students report the same as at P, as shown by Table 12. Let P’ = (P, , P_,;). Non-
wastefulness and minority fairness imply (a1, ¢2), as before. By minority fairness, a3 cannot
be assigned c3, given that ay has a higher priority for c¢3 and ranks it first. Then, given
that a; is already assigned, non-wastefulness and minority fairness imply (a3, ¢1), and thus
(11,¢3) and (ag,cq). Hence, (i,0). In sum, @(v, P',>) = (¢, ¢4, c1,c3,0) (underlined in
Table 12 in preference profile P’).

Consider again the minority allotment policy o = (0,1,0,0). We show first that either
(11,¢9) or (ig,co) must hold at (0, P’,>). Suppose otherwise. Then, since ¢ respects
the affirmative action policy, (i1,c;) and (i2,cq), and non-wastefulness implies (aq,cz).
Thus, non-wastefulness and minority fairness lead to (ag,c3). This implies (ag,0), which

contradicts minority fairness, since ag >, i1 and as >., i5. Therefore, there are two cases

to consider:

Case 1: (i1, ¢2)
Non-wastefulness and minority fairness imply that (a,c;) and (ag, c3), and thus (ag, c4).

However, (is,0).

Case 2: (ig, )
Non-wastefulness and minority fairness imply that (a1, ¢;) and thus (iq, ¢3). Hence, (ag, ¢4)
and (as, 0).

If Case 2 holds then ay could report Pa2 : (¢3,0), and since ag is a majority student and
cannot manipulate, at this new aa-profile (v, (P,,, P. ), =) we would have (ap,0). How-
ever, in this case non-wastefulness and minority fairness would imply (i1, ¢3) and thus, given
v = (0,1,0,0), respecting the affirmative action policy would require (is, ). Then, by
non-wastefulness and minority fairness, (a1, c;) and (as, ¢4). On the other hand, note that
with no affirmative action policy strategyproofness requires (as,0) at (v, (f’az, P.)>),
and then non-wastefulness and minority fairness imply (i1, c3). We also have (ay, ¢2), and
then non-wastefulness implies (as, c;) and hence (i, cs). Note that at preference profile
(PM,PLM) we have (i1, c3) and (i2,¢4) with v = (0,0,0,0) and (i1,c3) and (ig, c2) with
= (0,1,0,0), contradicting minimal responsiveness. This is a contradiction for Case 2,

and therefore Case 1 must hold. However, if Case 1 holds then majority student as can

manipulate at (9, P, =) by reporting P, , which is a contradiction. O
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These impossibility results underscore that manipulability by both minority and major-
ity students is inevitable under very mild welfare and fairness criteria, indicating necessary
trade-offs that market designers face. An immediate consequence of both Theorem 3 and
Theorem 4 is that the normative axioms in these theorems cannot be satisfied together
with strategyproofness. In contrast to Theorem 2 versus Proposition 7, allowing for within-
minority-group priority violations does not reverse the impossibility for strategyproofness.!?

The independence of the axioms for both impossibility theorems is established in Ap-
pendix B. The examples of mechanisms satisfying all but one of the axioms suggest that
the main trade-off is between incentives and minimal responsiveness, as represented by
the comparison between DA-R and TA-DA-R. The strategyproof DA-R mechanism sat-
isfies all the axioms in the two theorems except for minimal responsiveness, and we can
infer from the theorems that even a minimal requirement of responsiveness to the degree
of the affirmative action is not possible to obtain together with strategyproofness for ei-
ther type of students, in combination with the other basic properties. On the other hand,
IA-DA-R satisfies minimal responsiveness in addition to the other normative properties in
the theorems, and these two impossibility theorems explain why the IA-DA-R mechanism
is manipulable by both minority and majority students. The theorems pinpoint minimal
responsiveness as the main “culprit” for the strategic vulnerability of IA-DA-R, since the
other normative properties may be considered more fundamental, which can also be seen
from the fact that when we drop one of these axioms the others can be satisfied by a

mechanism that is unappealing as an affirmative action mechanism.

8 Incentive Properties of Minority Fair Mechanisms

We focus on less demanding incentive properties next to establish some positive results
for the IA-DA-R and other minority fair mechanisms. Although strategyproofness is not
possible to attain together with the other desirable properties, it may be difficult for
majority students to manipulate the IA-DA-R mechanism, as Example 6 suggests. The
next theorem generalizes this intuition: it shows that minority fair mechanisms which are
non-wasteful and respect the affirmative action policy are not obviously manipulable by
majority students according to the formal definition of Troyan and Morrill (2020). Obvious

manipulation is defined in the “local“ sense by fixing the minority allotment policy v and

10See Proposition 10 of Dogan (2016) for a related impossibility result with strategyproofness, which

imposes no within-minority-group priority violations.
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the priority profile >, which leads to a strong version of non-obvious manipulation. For

notational ease, we suppress v and > in the notations for the rest of this section.

Non-obvious manipulation. Given fixed (v, >), under mechanism ¢ for any true pref-
erence ordering P; of student s, let (min|Ps)p_, [ps(P., P_s)] denote the worst assignment
that s can obtain under any reported preferences P_; of all the other students when student
s reports P.. Similarly, under mechanism ¢ let (max|P;)p__ [ps(PL, P_s)] denote the best
assignment that s can obtain under any reported preferences P_, of all the other students
when student s reports P..

Given (v, >), a manipulation strategy P! for student s is obvious under mechanism ¢ if
one of the following holds:

(i) P! makes s strictly better off than truthful reporting in the worst case:
(min|P)p_, [ps(P P-s)] Pe (min|Po)p., [ips(Ps, Ps)]

(ii) P! makes s strictly better off than truthful reporting in the best case:
(max|P)p, [pa(P), P-s)] Py (max|P)p, [pa(Pe, P-s)]

If there is an obvious manipulation strategy for s under ¢ for a given (v,>) then ¢ is
obviously manipulable by s. Otherwise, if there is no obvious manipulation strategy

for s under ¢ for any (v, ) then ¢ is not obviously manipulable by s.

Theorem 5 (Non-obvious manipulation).
Let mechanism ¢ satisfy the following properties:
- non-wastefulness
- respecting the affirmative action policy
- mainority fairness

Then o is not obviously manipulable by majority students.

Proof. Let ¢ satisfy non-wastefulness, respecting the affirmative action policy and minority
fairness.

(i) Worst assignment: First we show that under ¢ the worst assignment from truth-telling
is always weakly better than the worst assignment from any other strategy for any majority
student. Formally, given (v, ) and given the true preference ordering P, for a majority
student a € SM, we will show that for all strategies P! for a, (min|P,)p_, [pa(Py, P-4)] Ra
(min|P,)p_, [pa(PL, P_,)]. Let the true preference ordering be P, for a majority student a €

SM “and fix a preference profile P_, for all the other students such that (min|P,)p_, [¢a( Py, P-4)]
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¢a(P,, P_,). For notational convenience, let u = ¢(P,, P_,). For each ¢ € C such that
¢ P, pa, let pl denote the set of students assigned to ¢ in 1 who have a lower priority for
c than a, that is, ! = {s € S : u, = c and a =. s}. Thus, for each ¢ € C such that
¢ P, ji, and for each s € S such that u, = ¢, either s =, a or s € ul. Since ¢ satisfies
minority fairness, x4 C S™ and |ul| < r.. Now consider the preference profile P_, for all
the students other than a such that for all s € S\ {a}, P, : (ps,0) if p1s € C and P, : (0)
otherwise. Since for each ¢ € C such that ¢ P, p,, || < 7., given that ¢ respects the
affirmative action policy, for each s € pul, o4(Ps, FA’,S) = ¢. Furthermore, for each ¢ € C
such that ¢ P, u, and for each s € SM such that ¢,(P,, P_,) = ¢, we have s =, a, and
thus minority fairness (condition 1) and non-wastefulness imply that o, (P,, P_,) = ¢. This
means that for each ¢ € C such that ¢ P, p,, and for each s € S such that ¢4(P,, P,a) = ¢,
os( Py, ]fla) = ¢. Since ¢ is non-wasteful, this implies that for all ¢ € C such that ¢ P, ji,,
0a( Py, P_a) # ¢ and thus, by non-wastefulness, ¢, (FP,, ]5_&) = lUqg.

Let P, be different from the true preference ordering P,. For notational convenience,
let 4/ = (P, P_,) and ¢ = 1il,. Suppose for a contradiction that ¢ P, ji,. Then the non-
wastefulness of ¢ implies that there exists § € S such that puz = ¢ but u} # . Note that
P; (/,0) and thus individual rationality implies that u5 = 0. Given that a is a majority
student, it follows from minority fairness (condition 1) that a =» 3, and thus § € pl,
implying that § is a minority student. However, since |u!,| < ro and the only minority
students who find ¢ acceptable at preference profile (P;,p,a) are the students in pl,,
this means that ¢ does not respect the affirmative action policy, which is a contradiction.
Therefore, p, R, ¢. This implies that, for all preference orderings P, for a which differ from
the true preference ordering P,, (min|P,)p_, [¢a(Pa, P-s)] Ra (min|P,)p_, [@u(PL, P_4)].
Given that the same argument holds for each majority student a € S™ and for each true

preference ordering P, of student a, the proof is completed.

(ii) Best assignment: We also need to show that for mechanism ¢ the best assignment
from truth-telling is always weakly better than the best assignment from a manipulation
strategy for any majority student. In our setting this holds trivially, since if there is no
competition for a particular student’s first-ranked school (e.g., all other students report
this school unacceptable), then the student will be assigned to her first-ranked school due

to the non-wastefulness of ¢ when reporting truthfully. ]

An implication of Theorem 5 is that a stable mechanism is not obviously manipulable,

since if there is no affirmative action then the premises of the theorem simplify to stability
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(a conjunction of no priority violation, non-wastefulness and individual rationality) and
minority students are treated the same way as majority students, so the conclusion holds
for all students. This makes the non-obvious manipulation result of stable mechanisms
(Theorem 3) of Troyan and Morrill (2020) a special case of Theorem 5, as the implication
holds for the school choice model, and this result immediately extends to a model with
strategic agents on both sides.

Non-obvious manipulation is closely connected to maximin strategies in our setting. A
maximin strategy is a risk-averse strategy that maximizes the worst-case outcome when

comparing different preference reports.

Maximin strategies. A preference ordering P, for student s with true preference ordering
P, is a maximin strategy under mechanism ¢ if, for all (v,>) and all preference
orderings P, for s, (min|P,)p_, [¢s(Ps, P_s)] Rs (min|Py)p_, [s(Ps, P_y)).

Theorem 6 (Maximin strategy).

Let mechanism ¢ satisfy the following properties:
- non-wastefulness
- respecting the affirmative action policy
- minority fairness

Then truth-telling is a maximin strateqy for majority students under .

Proof. Note that we did not have to assume that the alternative strategy P! is a ma-
nipulation strategy in the first part of the proof of Theorem 5 pertaining to the worst
assignment. Since the proof of case (i) holds for an arbitrary report P, that differs from

the true preference ordering, it also implies this result. O

Theorems 5 and 6 demonstrate that two of the welfare axioms and minority fairness are
not only compatible with but in fact imply good incentive properties for majority students.
Each of the three axioms in the statements of the theorems are needed, as we show in
Appendix C. While minimal responsiveness is not required to reach the conclusions of the
theorems, it is compatible with the other axioms and thus also with the implied incentive
properties for majority students. Although weaker than strategyproofness (which leads
to an impossibility result when minimal responsiveness is also required, see Theorems 3
and 4), having truth-telling as a maximin strategy shows that the mechanisms satisfying
the required axioms are incentive compatible for majority students if they are averse to

uncertainty.
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Since the IA-DA-R mechanism satisfies the axioms required by Theorems 5 and 6, we

can state the following corollary.
Corollary 1 (Incentive properties of IA-DA-R).

1. The IA-DA-R mechanism is not obviously manipulable by majority students.

2. Truth-telling is a mazximin strategqy for majority students under the IA-DA-R mech-

anism.

Corollary 1 shows that the IA-DA-R mechanism restricts obvious manipulations to mi-
nority students. Given that majority students are typically a great majority of the students
and that minority students face similar incentives to majority students with respect to ob-
taining unreserved seats, the TA-DA-R mechanism provides much better incentives than
[A-Q or TA-R, for which both majority and minority students have obvious manipulation
strategies.

As for the incentives of minority students, it is likely that many minority (i.e., disad-
vantaged) families do not have the resources or the time to learn the information needed
to successfully manipulate, unlike families with a higher socioeconomic status, and thus
they may simply submit their true preference ordering even if the highly manipulable IA
mechanism were used. The unfair disparity between the assignments of sincere and sophis-
ticated players in the IA mechanism, demonstrated by Pathak and Sénmez (2008), was put
forth as an argument in favor of the DA mechanism over IA in order to “level the playing
field” (see also Basteck and Mantovani (2018, 2023) for related experimental results). The
crucial difference from this for the IA-DA-R mechanism is that unlike in the IA mecha-
nism, where majority students may be able to take advantage of the sincerity of minority
student reports, when using the IA-DA-R mechanism majority students face very different
incentives from the incentives in TA, as shown by Corollary 1. The relative truth-telling
rates of IA-DA-R compared to DA-R in real life would be difficult to predict, especially
given that misrepresentation is frequent even in the strategyproof DA mechanism in ex-
perimental settings. As a theoretical exercise only, we consider the (unrealistic) scenario
in which all students are perfectly sophisticated and informed, and show that the DA-R
matching is one of the multiple Nash-equilibrium outcomes of the preference revelation

game induced by the TA-DA-R mechanism; this analysis is relegated to Appendix D.
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9 Conclusion

This paper calls for a systematic analysis of mechanisms with a quota or reserve-based
affirmative action policy. We show that even though all previously studied mechanisms
with such an affirmative action policy violate at least one of three essential welfare axioms
(Propositions 1-6, Table 6), it is possible to design mechanisms that meet all three criteria.
The novel IA-DA-R mechanism which we propose overcomes the individual weaknesses of
both immediate and deferred acceptances and ensures that the three welfare axioms are
satisfied (Theorem 1), and these features of our mechanism are also quite intuitive. The
[A-DA-R mechanism has desirable fairness properties as well (Theorem 2). The minority
fairness axiom that we introduce is weaker than usual fairness axioms for affirmative action,
as it allows for priority violations among minority students when they obtain reserved seats.
This may be viewed as the price of achieving minimal responsiveness compared to the DA-
R mechanism, and as the price of respecting the affirmative action policy compared to
the MDA mechanism, while in some settings not enforcing the priorities among minority
students may even be desirable (see Section 6 for details).

The main trade-off is between incentive properties and minimal responsiveness, as
demonstrated by Theorems 3 and 4. This trade-off is most clearly seen when contrast-
ing the DA-R mechanism to TA-DA-R. DA-R only fails minimal responsiveness in these
impossibility results, while IA-DA-R fails the strategyproofness requirements respectively,
but satisfies all the other properties in the two theorems. The other mechanisms violate
at least two of the axioms, with the most appealing among them, MDA, violating not
only the strategyproofness properties but also the very fundamental axiom of respecting
the affirmative action policy. Based on our findings, DA-R stands out when enforcing the
priorities within the minority student group is desired and superior incentive properties
are important. On the other hand, if not enforcing the priorities among minority stu-
dents is acceptable (or even preferable), given its good incentive properties for majority
students (Theorems 5 and 6; Corollary 1) the IA-DA-R mechanism is a strong competitor
to DA-R, as it also ensures minimal responsiveness. Failing to satisfy minimal responsive-
ness means that strengthening, or even just introducing, the affirmative action policy may
harm students without helping any minority student, which is a shortcoming of the DA-R
mechanism. Thus, notwithstanding the issues surrounding strategic reporting, which apply
to all the mechanisms, including the strategyproof DA-R mechanism, our results suggest

that the IA-DA-R mechanism is a noteworthy alternative to previously proposed mecha-
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nisms with a quota or reserve-based affirmative action policy. More generally, this study
offers new theoretical insights that lead to a deeper understanding of compatibilities and
inevitable trade-offs among welfare, fairness, and incentive properties, providing essential

information for designers of affirmative action mechanisms.

Appendix

A Definitions of Mechanisms

DA with Majority Quotas (DA-Q)
Fix a majority quota policy ¢™ and a profile (P, ).

Step 1: Every student applies to her most preferred school according to P. Each school
¢ tentatively assigns seats to applying students up to its capacity q., following its
priority ordering >., subject to the restriction that each school ¢ rejects majority

students when its majority quota ¢ is reached by accepted majority students.

Step t (t > 2): Every student who was rejected in step ¢ — 1 applies to her next most
preferred acceptable school according to P. Each school ¢ considers its tentatively
assigned students from the previous step along with the new applicants and ten-
tatively assigns seats to these students up to its capacity gq., following its priority
ordering >., subject to the restriction that each school ¢ rejects majority students

when its majority quota ¢ is reached by accepted majority students.

The algorithm terminates when there is no more rejection by any school and all tentative
matches in the final step become final matches, which together constitute the matching

assigned to (q — ¢, P, ).
DA with Minority Reserves (DA-R)

Fix a minority reserve policy r and a profile (P, >).

Step 1: Every student applies to her most preferred school according to P. Each school ¢
first tentatively accepts as many as r. minority students following its priority ordering

.. Then each school ¢ tentatively accepts students among the remaining applicants
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following its priority ordering »>. until either its capacity gq. is filled or there are no

more applicants. Any remaining applicants are rejected.

Step t (t > 2): Every student who was rejected in step ¢ — 1 applies to her next most
preferred acceptable school according to P. Each school ¢ considers its tentatively
assigned students from the previous step along with the new applicants (the applicant
set) and first tentatively accepts as many as r. minority students following its priority
ordering >.. Then each school ¢ tentatively accepts students among the remaining
students in the applicant set following its priority ordering > until either its capacity

q. is filled or the applicant set is exhausted. Any remaining applicants are rejected.

The mechanism terminates when there is no more rejection by any school and all tentative
matches in the final step become final matches, which together constitute the matching

assigned to (r, P, >).

Modified DA with Minority Reserves (MDA)

Fix a minority reserve policy r and a profile (P, >). An interferer at some school ¢ with
r. > 0 is a minority student i € S™ if there is a majority student a € SM with a > i
who is rejected by ¢ when i is accepted in some step of the DA-R mechanism at (r, P, >-)
due to the minority reserves, but then in a later step ¢ gets rejected by school c¢. Then the
minority student 7 is considered an interferer in the step where 7 is rejected by ¢. The MDA
mechanism consists of iterative rounds of the DA-R mechanism with specific modifications
as follows. If there are no interferers at any school when running the DA-R algorithm, then
the MDA mechanism assigns the DA-R matching to (r, P,>) and the algorithm ends in
one round. If there are interferers in some steps of the DA-R, the MDA mechanism moves
to the next round and runs the DA-R mechanism again, but treats all interferers in the
latest step of the first round at which there are interferers at school ¢ as majority students
at c. Further DA-R rounds are iterated similarly until no interferer remains at any school.
The matching selected by the MDA mechanism at (r, P, >) is the DA-R matching of the

final round of the procedure.

Efficiency Improved DA with Minority Reserves (EIDA)

Fix a minority reserve policy r and a profile (P, >). A school ¢ is under-demanded at

(v, P,>) if all students weakly prefer their DA-R assignment to ¢ at (r, P,>>). EIDA runs

41



iterative rounds of the DA-R mechanism such that in each round all under-demanded
schools along with students assigned to these schools are removed (including the removal
of unassigned students in the first round). Since there is always an under-demanded school,
at least one student is removed in each round. The algorithm terminates when all students
are removed. The matching selected by the EIDA mechanism at (r, P, >) is given by the

assignments with which students are removed.

TA with Majority Quotas (IA-Q)
Fix a majority quota policy ¢™ and a profile (P, ).

Step 1: Every student applies to her most-preferred school according to P. Each school
¢ permanently assigns seats to applying students up to its capacity q., following its
priority ordering >., subject to the restriction that each school ¢ rejects majority
students when its majority quota ¢ is reached by the accepted majority students.

Acceptances are final, and any remaining applicants are rejected.

Step t (t > 2): Every student who was rejected in step t — 1 applies to her next most
t'"-ranked school. Each

school ¢ permanently assigns seats to students applying in this step up to its capacity

preferred acceptable school according to P, the student’s

qe, following its priority ordering ., subject to the restriction that each school ¢
rejects majority students when its majority quota ¢ is reached, taking into account
accepted majority students in all previous steps and the current step. Acceptances

are final, and any remaining applicants are rejected.

The algorithm terminates when each student is either accepted by a school or has been
rejected by all of her acceptable schools. The acceptances made in each step are final and

together constitute the matching assigned to (¢ — ¢™, P, ).

IA with Minority Reserves (IA-R)

Fix a minority reserve policy r and a profile (P, >).

Step 1: Every student applies to her most preferred school according to P. Each school
¢ first permanently assigns seats to applying minority students up to its number
of minority reserve seats r., following its priority ordering .. Then each school ¢
permanently assigns its remaining seats to the remaining applicants, following its

priority ordering >., up to its capacity ¢.. Any remaining applicants are rejected.
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Step t (t > 2): Every student who was rejected in step ¢ — 1 applies to her next most
preferred acceptable school according to P, the student’s #"-ranked school. Each
school ¢ that has fewer minority students accepted than r. first permanently assigns
seats to minority students applying in this step up to its number of minority reserve
seats 7. in total, including minority students accepted in previous steps, following its
priority ordering .. Then each school ¢ that still has available seats permanently
assigns its remaining applicants, following its priority ordering >., up to its capacity

de- Any remaining applicants are rejected.

The algorithm terminates when each student is either accepted by a school or has been
rejected by all of her acceptable schools. The acceptances made in each step are final and

together constitute the matching assigned to (r, P, >).

B Independence of the Axioms in Theorems 3 and 4

We show that the axioms in Theorems 3 and 4 are independent, that is, if we drop one

axiom at a time, then there exists a mechanism which satisfies all the other axioms.

We refer to the mechanism which only allocates minority allotment seats to minority stu-
dents using the DA algorithm as the Minority-Restricted DA mechanism. This mech-

anism is minimally responsive, since the DA satisfies resource-monotonicity.

Non-wastefulness: Minority-Restricted DA
Respecting the affirmative action policy: DA
Minimal responsiveness: DA-R

Minority fairness: Serial Dictatorship with a permutation that ranks all minority

students ahead of all majority students.

Strategyproofness for minority /majority students: IA-DA-R

C Necessity of the Axioms in Theorems 5 and 6

We show that each of the three axioms in Theorems 5 and 6 is needed to reach the

conclusion: if we drop one axiom at a time, then there exists a mechanism which satisfies
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the other two axioms and is obviously manipulable by a majority student a due to a
manipulation strategy P! that satisfies (i) in the definition of an obvious manipulation
strategy (the worst assignment case). This proves the necessity of each axiom in Theorem 5.
To see the necessity of each axiom in Theorem 6, note that the existence of such an obvious
manipulation strategy for majority student a based on the worst assignment implies that

truth-telling is not a maximin strategy for student a.

Non-wastefulness: If a majority student a reports one acceptable school only:

DA-R matching; otherwise: Minority-Restricted DA matching.

Let . rank a first, and let a’s true preference ordering be P, = (c¢,c,0), where
Ve < ge. Then P, = (c,0) is an obvious manipulation strategy for a based on the

worst assignment.

Respecting the affirmative action policy: If a majority student a reports one

acceptable school only: DA matching; otherwise: DA-R matching.

Let >, rank only majority students in the first g. positions, with a in position ¢., and
let a’s true preference ordering be P, = (¢, ,0), where 0 < v. < g.. Then P, = (¢,0)

is an obvious manipulation strategy for a based on the worst assignment.

Minority fairness:

Step 1: Use the DA mechanism to allocate the minority allotment seats to minority
students, as in the Minority-Restricted DA mechanism.

Step 2: Use the A mechanism to allocate all the remaining seats (including any
unused minority allotment seats in Step 1) to the remaining unassigned students

(including any unassigned minority students in Step 1 and all the majority students).

Then majority students have an obvious manipulation strategy based on the worst

assignment at some (v, >).

D Nash-Equilibrium Outcomes of IA-DA-R

We study the Nash-equilibrium outcomes of the IA-DA-R revelation game as a theoretical
exercise, since reaching Nash-equilibria requires complete information and coordinating
untruthful reporting among players, which makes the results questionable when it comes

to predicting actual behavior.
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A mechanism ¢ and an aa-profile (v, P, =) induce a strategic game in which the players
are the students and their strategies are the reported preference orderings. Let (p, v, P, >)
denote the strategic game induced by ¢ and (v, P,>-). Strategy profile P is a Nash-
equilibrium of strategic game (p,v, P,>) if, for all s € S and all P/, o,(v,P,>)
R, ¢s(v, (P!, P_,),>). This means that no student s can profitably deviate at a Nash-
equilibrium profile by reporting different preferences, when all the other students’ prefer-

ences are unchanged.

Strong Minority Fairness. A matching p is strongly minority fair at (v, P, >)
if it satisfies both minority fairness and no within-minority-group priority violations. A
mechanism ¢ is strongly minority fair if for all (v, P,>), ¢ (v, P, >) is strongly minority
fair at (v, P, >).

Theorem 7 (Nash-equilibrium matchings of IA-DA-R).

For each market (S,C, q,r, P,>), all strongly minority fair matchings are Nash-equilibrium
matchings of the strategic game induced by the IA-DA-R mechanism ¢ and (r, P,>). In
particular, the DA-R matching at (r, P, =), which Pareto-dominates all other strongly mi-
nority fair matchings at (r, P,>), is a Nash-equilibrium matching of the strategic game

(,1, P, >).

Proof. Following Hafalir et al. (2013) who use a similar construction, we work with the
augmented priority-modified market (apm-market, in short) corresponding to each market
(S,C,q,v, P,>). In the apm-market each school ¢ is split into a “reserved school” ¢
and a “regular school” ¢?, with capacities r. and ¢q. — 7. respectively. Reserved schools
rank minority students ahead of majority students in their priority ordering, while they
keep all other priority orderings the same within the set of majority students as well as
within the set of minority students. Regular schools have the same priorities as the original
school. The reserved and regular schools for the same original school are consecutive in the
preference ordering of each student, replacing school ¢ in the original preference ordering
by ¢" and ¢f in this order. A matching in the original market naturally corresponds to a
matching in the corresponding apm-market and vice versa.

One can easily verify that a matching is strongly minority fair in market (S, C, ¢, r, P, >)
if and only if it is a fair matching in the apm-market corresponding to this market. Thus,
given a market (S9,C,q,r, P,>), we need to show that all fair matchings in the apm-

market corresponding to this market are Nash-equilibrium matchings of the strategic game
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(1,1, P, =), where 1) denotes the ITA-DA-R mechanism. Our proof follows a similar reason-
ing to that of Ergin and Sénmez (2006), which shows that in the strategic game induced
by the IA mechanism all stable matchings under the true preferences are Nash-equilibrium
outcomes, but since [A-DA-R has an affirmative action policy we focus on the augmented
apm-markets instead of the original markets.

Fix a fair matching p in the apm-market corresponding to (S, C, q,r, P,>). Let Pbea
preference profile where each student s ranks pu first. Since ¢ is the IA-DA-R mechanism,
the resulting matching is p at (r, P, >). Suppose for a contradiction that there exists a
student s who can unilaterally deviate at this aa-profile to obtain a school ¢ such that
¢ P; ps. Given that p is fair in the apm-market, regardless of whether s is assigned in
the apm-market to a reserved or regular school, s cannot be assigned to ¢ when s reports
different preferences, since u is non-wasteful and all students who are assigned to ¢" and ¢f
have a higher priority for their respective school than s, and all these students already rank
c¢ first. Thus, under the IA-DA-R mechanism student s with true preferences P, cannot
profitably deviate from reporting P, at (r, P,>), and thus the first part of the claim on
strongly minority fair matchings holds.

For the second part of the statement, note that the DA-R matching is not only a strongly
minority fair matching, but since it corresponds to the student-optimal fair matching in
the apm-market (Hafalir et al., 2013), it is the unique strongly minority fair matching that

Pareto-dominates all other strongly minority fair matchings at each aa-profile. O]

Theorem 7 demonstrates that if we view IA-DA-R as a strategic game played by so-
phisticated players who can coordinate to play some Nash-equilibrium by reporting un-
truthfully, then the DA-R matching, along with all other strongly minority fair matchings,
is an equilibrium matching. However, similarly to the DA which may also have other,
even unstable, Nash-equilibrium outcomes (Haeringer and Klijn, 2009), IA-DA-R may
have Nash-equilibrium outcomes which don’t satisfy strong minority fairness. This is not
surprising, since the TA-DA-R mechanism is more similar to the DA than to the TA, and
if there is no affirmative action the IA-DA-R mechanism is equivalent to the DA and mi-
nority fairness simplifies to fairness (note that the standard stability axiom corresponds
to the conjunction of fairness and non-wastefulness in our model). Moreover, just like for
the DA which may have Nash-equilibria that Pareto-dominate the student-optimal stable
matching at some profiles (Dur and Morrill, 2020), the DA-R matching is not necessarily
an undominated Nash-equilibrium in the strategic game induced by TA-DA-R. Whether

this strategic game would make it a focal point for sophisticated players with complete

46



information to reach the DA-R outcome is not clear, but nonetheless having the DA-R as
a prominent Nash-equilibrium matching is a positive theoretical feature of the IA-DA-R
mechanism (albeit not a strong one due to the multiplicity of equilibria), as the DA-R
arguably has the best properties among all the previous mechanisms on the basis of the
three main welfare criteria. However, we want to emphasize that this is merely a theo-
retical attribute, not a realistic scenario, and untruthful Nash-equilibria are unlikely to be
realized in most circumstances. We expect the IA-DA-R outcome to differ from the DA-R
and other Nash-equilibrium outcomes in realistic settings, where minority students do not

have the information, the resources or the interest to identify their best responses.
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